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INTRODUCTION 
Investigation of the diffraction of x-r~s by liquids was 
begun soon after the well-known work of Friedrich, Knipping, and 
Laue1 proved to be of value in supplying infonnation as to the 
arrangement of atoms in cr.ystalline matter. Friedrich in 19132 
reported x-ray diffraction patterns of Canadian Balsam, paraffin, 
and amber; three years later De bye and Scherrer ,3 in their work 
on benzene, (among other liquids investigated) showed that the 
diffraction phenomenon exhibited was one of interference. Still 
later, in 1922, Keesom and de Smedt4 reported similar investigations 
carried out on argon, nitrogen, and oxygen in the liquid state, the 
results of which confinned the physical nature of the ef'fect, as 
had been postulated by Debye and Scherrer. 
Since that time many advances in both the experimental and 
theoretical aspects of the subject have been made, and a wealth 
of data has been obtained on at least 23 elements in the liquid 
state. An excellent summary of this material, together with a 
discussion of the conventional theorehical treatment has been 
prepared by Gingrich.5 As Gingrich indicates, data of this latter 
1. w. Friedrich, P. Knipping, and M. v. Laue, Sitzb. Math.-
Phys. Klasse Bayer. Akad. Wiss. Munchen 303 (1912). 
2. W. Friedrich, Pnysik. Zeits. ~~ 397 (1913). 
3. P. Debye and P. Scherrer, Gottingen Nachtrichten12, (1916). 
4. J. T. Randall, The Diffraction~ X-rays ~Electrons Ez 
Amorphous Solids, Liquids, and Gases, N.Y., Wiley, (1934) P• 107. 
5. N. S. Gingrich, Rev. Mod. Phys. !2 (January, 1943). 
type (i.e., for liquid elements) is more conducive to accurate 
theoretical treatment than po~atomic materials, since fewer 
assumptions need be applied in deducing the atomic distribution 
from the diffraction pattern. 
2 
A recent paper by Lund 6 treats the theoretical problem .from 
a statistical mechanical viewpoint, in which a configuration subspace 
with single cell occupancy is envisioned, thus embracing the free-
volume concept as recent~ expounded by Kirkwood.7 This concept is 
given considerably more support through a statistical approach 
than the conventional treatment provides. 
It is the purpose of this investigation to determine what 
differences, if any, arise in the calculation of scattered 
intensities using the equation derived on a statistical mechanical 
basis as compared with the results of the conventional scattering 
equation. This will be done by calculation with both equations the 
scattered intensities from liquids characterized by certain assumed 
cell distribution functions. In addition, an attempt will be made 
to find a means by which the integrations in the original derivationS 
of the scattering equations may be simplified. An inquiry into the 
effect of varying the ratio of atomic radius to free-volume radius 
on scattering calculations for a given assumed distribution 
function will also be carried out, using the results of the 
simplified derivation. 
6. L. H. Lund, J. Chern. Phys. 21, 1772, (October 1953). 
7. J. G. Kirkwood, J. Chem. Phys. 18, 380, (1950). 
8. L. H. Lund, .2.E• ~· 
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REVIMI OF liTERATURE 
With the advent o:f reliable experimental techniques for obtain-
ing diffraction data for liquids, attempts were made to devise a 
theoretical treatment which possessed a firm, justifiable foundat~. 
Many noteworthy approaches were made to the problem by various 
workers, among whom are Brillouin,9 Keesom and de Smedt,10 Hewlett,ll 
Raman and Ramanathan,12 Debye,13 Stewart,14 and Zerni.ke and 
Prins.15,16,17 A qualitative discussion of the features of these 
varied concepts should serve to indicate the diverse opinions which 
existed at the outset of work in this field. 
Only brief mention need be made of the work of Brillouin, who 
attempted to obtain a formula for the interference effects with the 
aid of the quantum theory of specific heats. His resulting expression 
predicted maximum scattering intensity at small angles, in contradic-
tion to experimental results, and hence was not given further attention. 
Prior to the work of Keesom and de Smedt, the idea had been 
proposed that liquids were composed of fragmentary crystals. In 
an effort to prove or disprove this concept, they obtained diffraction 
9. L. Brillouin, Ann. de Phys., 11, 88, (1922). 
10. W. H. Keesom and J. de Smedt, Amsterdam Akad., ~~ llS, (1922); 
~. 112, (1923). 
ll. C. w. Hewlett, Phys. Rev., ~, 688, (1922). 
12. c. V. Raman and K. R. Rmanathan, Proc. Indian Asstn. for Cultr. 
Sc., P. 127, (1923). 
13. P. Debye, Phys. zs. ,i!, 348, (1930). 
14. G. W. Stewart, Rev. Mod. Phys. ~. 116, (1930). 
15. F. Zernike and J. A. Prins, ZS. f. Phys. .£, 1841 (1927). 
16. J. A. Prins, zs. F. Phys. 22, 617, (1929). 
17. J. A. Prins, Naturwiss., 121 ~3S, (1931). 
data for liquid argon, nitro5en, and oxygen. On the basis o~ this 
data they advanced the view, supported by Hewlett because of his 
4 
work on benzene and other organic liquids, that the diffraction effect 
exhibited by liquids was due to a temporary crystallization; i.e., for 
brief periods of time and for short distances about any given atom, 
there exists a crystalline type distribution of atoms. In support of 
such a view, reference was ~ade to their data for liquid argon. The 
intensities obtained could not have been due to intra-molecular 
effects, since argon is a monatomic substance. Hence they reasoned 
that the intensities observed had to be produced as a result of the 
spatial distribution of the atoms with respect to each other. However, 
they did not carry out the development of this concept into a relation-
ship which could be quantitativelY tested. 
Raman and Ramanathan made a very original and relat1velY 
successful approach to the problem in viewing the liquid as being 
continuous as a whole, but subject to localized inhomogeneities in 
a manner predictable through the methods of statistical mechanics. 
In their treatment the intensity of scattered radiation is found to 
be proportional to the isothermal compressibility and some other 
thermodynamic tenns. By wa:y of testing their theory, they compared 
the intensities obtained for benzene by Hewlett with the results 
calculated with their intensity function. As was previously 
intimated, their work was in rather good agreement with the experi-
mental data. 
While the theories just discussed are by no means inconsequential, 
the most important earlY developments in the theoretical problem 
were those due to Zernike and Prins, De bye, and Stewart. Basically, 
the work of Zernike and Prins and that of Debye are similar in that 
5 
both involve a distribution function. Their difference lies in the 
method of approaching the problem. Prins constructs a liquid model 
(thus specifying the distribution function) from which he calculates 
intensities to compare with experimental data. De bye, on the other 
hand, assmnes the distribution function is unknown and uses experi-
mental data to determine its nature, thereby deriving the probability 
that the atomic or molecular spacing in a liquid has a specific value. 
With the refined experimental techniques available today, it is this 
latter approach which has led to distribution functions for a great 
many liquids, primarily in the elemental state. 
G. W. Stewart in a number of papers supported the theory of 
temporary grouping, a phenomenon designated by him as cybotaxis 1 
where the corresponding state is the cybotactic state. In agree-
ment with the workers previouslY discussed, he views the liquid aa 
being composed of groups of atoms or molecules arranged, temporarily, 
and for short spatial segments of the sample, in the same manner as 
they are in the solid state. He justifies this concept with experi-
mental data indicating the correspondence of intensities for equal 
masses of solid and liquid states of the same substance. 
In the past two decades, J. G. Kirkwood has carried out numerous 
theoretical studies of the liquid state from a statistical mechanical 
viewpoint, and his work has lent much support to the free-volume con-
cept of liquids, together with the contributions of others such as; 
Lennard-Jones, Eyring, and Hirschfelder. It is this latter concept 
that will be discussed in the following sections of the present 
investigation. 
THEORY 
Given the problem of calculating the intensity of x-rays 
scattered by a liquid of N identical monatomic atoms which is 
irradiated by collimated monochromatic x-ray~ of wavelength A, 
6 
it is ea~y to show that for a given time averaged atomic configuration 
the total scattered intensity will be: 
N N 
F~ L z= I<~)= , 
W\= I 
(1) 
where f=atomic scattering factors 
k=4 \Tsin Q /A 
2Q=angle between incident and scattered beams 
rnm~interatomic distance for atoms n and m. 
Viewing the liquid as a 11 smeared-outn or quasi-crystalline arrange-
ment of atoms about any given atom which are vibrating about parrtions 
of equilibrium that are defined byjO(r), the cell distribution 
function,* it is clear that (1) must be averaged over all possible 
configuration&t of every atom in the liquid. Furthermore it would 
be desirable to perform this averaging in a manner which at least 
approximately follows statistical mechanical methods. 
Thus Lund,l8 following a free volume picture, spans the liquid 
with a virtual lattice of N cells, each of volume D., and furthermore 
* - f (r), the cell distribution function, is viewed in this work to 
be zero for distances less than twice the atomic radius (a/2) if' 
a/2)b or zero for distances less than twice the free volume 
radius (d}, if a/2 <S. This concept thua postulates the 
impenetrability of atoms and free volume cells. 
18. L. H. Lund, QE. ~., P. 2. 
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specif1es sln;le cell occupancy 1n h1s probab1lity density function 
(PN) for configuration space. Doing this, and using the Hartree-
type approximation to PN of Kirkwood,19 he obtains: A A 
I ~1, (I(.it~ve= N F2 f I+ [R ~TT y;z_ -f (Y) r f r 
in which 
X Sw, ~ (Ro.t r r;- ~) 
-1t ( R,..t. -t r1 - r..t.) 
_ U (.,,) U (r.t) 
e~e- ~J"" 
(2) 
exp( -U(r) /kT) is the normalized probability 
distribution function for an atom in its cell, 
U(r) is the atom's potential function in its cell, 
R:tQ is the position vector of the ~th cell relative 
to the first, 
~ is the distance of the ith atom from the origin 
of its cell, and 
R is the largest sample dimension. 
In view of the difficulty to be encountered in carrying out 
the indicated volume integrals over the cells, Lund arrives at a 
reasonably satisfactor.y result by assumin~ the probability density 
function unifonn over the cell volume and expanding the sin k( RJ.R. + 
r 1 - ~ )/ k( ~ + r1 - ~) in a Taylor's series of the variables 
r 1 and I} about the cell centers, neglecting terms higher than the 
second order. His result, upon integration and simplification, is: 
<r(.k)~v~ :: N f'~ f I+ fl-i~~) [~TTr'-ftr-) &: ~ .. £r 
t 9d~ £.~/Tr~ f(r){lf) r/(fu) J.v-
z'lo I) 
(3) 
19. Kirkwood, QE. cit., P. 2. 
where 6 -radius of free voluoe {spherical shape) and 
q9(kr)=3( sin kr -kr cos kr) / (kr)3 
The convent~onal procedure20 is followed here; i.e., the upper limit 
to zero 
R is replaced by infinity, since the integrand .fall.s sharply""for large 
r, which is still much leiis than R. This is coupled with the addition 
to and subtraction from the integrand of~, the constant average 
density of cell centers about a given cell center in the following 
. ~ 
<U-Zive = Nfi [1 +(1- i~:-J[[wo·7.(-f(r)-f)5~;'r£r 
oO oO 
+ r J.flfr~ SIYJ_ir Jr] + CjtJ~"l..[i 1/Tfr~(f{r)-f) 
Jo ::(,.. 2 'I• o 
X{~) f{J{.Jr)J.r + _f,,r~f'(~) f{Jf..fr_r) ~rJ] • 
(4) 
21 
It has been shown that the effect of the compensating integralii 
m~ be neglected except .for ver,y small scattering angles (o.f the 
order of minutes of arc), which are beyond the limits o.f e~ri­
nental work. Hence the .final result is:22 
o.C) 
lr(J;.)\ -=- N rz fl+[l-~s~l.J [lfl(YZ(ft,.)--f) s,.,Ay- c/r \1- VAv~ ~yo 0 =fer 
(5) 
Ae is pointed out in the paper cited, this equation will 
yield the same zero angle ~cattering intensity as the conventional 
20. N. s. Gingrich, QE. cit., p. 1. 
21. Ibid. 
22. L. H. Lund, Q£. cit., P• 2. 
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scatter~n5 equat~on, which can be obtained as a zeroth approximation 
of equation 5 by assuming a free volume radius of zero. Thus 1 
/rlA)\ = Nfl.[l+ [~nrr2 (-fb·>--f/) 5m ~,. dr] \.L ~V(! o -k; 
which as been derived e1sewhere.23 
(6) 
As stated in a previous section, the first phase of present work 
is to mquire as to the magnitude of deviation that one would obtain 
in applYing equation 5 rather than equation 6 for any given cell 
distribut1on :function of a liquid. The method to be employed is to 
take reasonably realistic distribution functions24 and applY them 
in both equations, making such assumptions as are required to obtain 
num.erical results which can be compared graphically. 
The first such assumed function is shown below 1n figure 1 (a) 





2.3. N. S. Gingrich, .QE. ~., P. 1. 
24. N. s. Gingrich and B. E. Warren, Phys. Rev. ~~ 248, (1934). 
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Be£ore using this distribution £unction for calculat1on with the 
two scattering equations, one inquires as to the value of M, the 
nwnber of cell centers at a distance (a) from the origin ( or center 
or the reference cell). For that purpose, we shall conside~ the 
maximum density to occur £or a cubic race-centered arrangement of 
cell centers. Thus the crystal.1ographer• s unit cell for such an 
arrangement will contain 4 cells, which is the total or one-eighth 
or each or the eight comer cells and one-half' of each of the six 
race cells. 
Now describe a sphere or radius (a) about the unit cell so 
that the diameter of the sphere !ails upon a diagonal of the unit 
cell cube. It is then clear that: 
diagonal d=2 a, 
aide a = d sin 45° = 2a/J2, 
and hence volume v = s3 = 4a3 /f:2. 
Now the ~um cell center density will be given by the number of 
cell centers per unit crystallographer• s cell divided by the volwne 
per unit crystallographer• s cell, or; 
/)_ ~ = ff/a..3 
7o - -Y"o/~ / • 
For a density less than the maximtDD. density one will have a 
spherical volume (41T a3 /3) less the volwne occupied by the reference 
cell (a.3 /J2), this difference tmesf, the constant average cell 
The latter expression will prove useful, for it permits a calcu1ation 
of intensities for ~ assumed fraction of the maximum cell density. 
11 
Let us now substitute the cell distribution function of figure la 
into equation 6. We will then have: 
(7) 
The first integral can be integrated as follows: 
- r':;lf r v s: .. -l!r c( r ~ - ~tllJ~f3 -,P)/Z .ka) = f 'fff l4. ·v~ f(J .. )j ~ Jo- :::{,.. 3 3 
~ _ 5-9~2-fo ~ tr-ia-). 
In carrying out the second integration one encounters the problem 
equal 
of approximatel.yvupper and lower limits. This difficulty is obviated 
by means of a rather physical, yet justifiable, approximation. In 
such a limited range of' integration the sin kr/kr will be sensibly 
constant and hence m~ be removed £rom the integrand and evaluated 
at r=a, giving sin ka/ka. The remaining integral is set equal to 
the total number of cells at a distance {a) from the center of the 
ref'erence cell, namely M. Symbolically then; 
Combining the results just discussed, we obtain finally by equation 6; 
h-(_.fe.)\ = N p1- r, + -!h. fi.'1U.fo s,.:.~4. -5. 9Z~~ (J(.k6..)]l \J- vi)~~ ~I 710 Jea.. _5 
{8) 
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B,y applYing equation 5 to the same call distribution function in 
a similar manner, the resulting intensity function is: 
11 (-le)' : NF2 fH-1f 'f•- ~.&'*~·] fi~.'Ht~' s,;._leCl. \L ~V(. 10 l1 ::4! ~ 
-5:1jZ2.(,SfJ(.Ic.)J+t!:~ ~. 9~~t.(~){J(.J.J 
- ~/44.- {:!e~\-~-."- s;~.Atl..rl]} 
-&_3 ~- 3·"3! 5.5! 'j ) 
(9) 
where the latter ter.ms arise as a consequence or the additional 
integral or the scattering equation 5. 
It will be seen in the section on application of the theory 
that in the actual eTaluation or the above equations for graphical 
comparison, one m~ not consider the Nf2 ter.m to be onlY a constant 
muliplicity factor that might, for our purposes, be neglected. It 
has been shown in another source25 that f2 represents the ratio or 
radiation scattering intensity from an atom to that !rom an electron 
according to classical theory, and ia equal to: 
~ ]2 f"~--=. [.[ J/1T"r..,fl(~") Sin Ar- dr 
0 :A!,_. 
(10) 
where fe (Y) =- radial electron distribution function. 
A reasonably adequate (for our purposes) assumption as to f. lr) 
is shown in figure 2a, while a more accurate ftmction is shown in 
figure 2b. 
25. A. H. Compton and s. K. Al1ison, X-Rays in Theory~ Experiment, 











The assumed electron density function yields the following result: 
. (11) 
so that N F~--:- AI( '17Ta.' 3cJ"'tjJ(-k~)= c f7ha.,J 
3 (12) . 
where C ~ fo/(I/TT'1 3cJZ, a constant multiplicity .factor, 
In applying this factor in a numerical evaluation, it will 
be necessar.y to arbitrarily assign a value to (a') in such a way 
as to produce results which will be in agreement with experimental 
data. This will be dealt with more fully in succeeding sections. 
It should be noted that the cell distribution function assumed can 
be said, as is done elsewhere, 26 to adequately describe a liquid in 
the critical region, or a gas under moderate to heavy pressures. 
A function which more suitably envisages the liquid state as 
a quasi-solid arrangement of atoms is shown below in figure 3a as 
assumed, and in figure 3b as it is actually found. 









Applying this function in equation 6, one obtains in a manner 
analogous to the treatment in the previous case; 
(IJ-k)) -= NF"l. r I+ .Pin. rJf. 9 A?." Sln.le4. - ~n-6~ ~{··"~)] 7 . 
nre l /f'c L I' J( tt. 3 (13) 
The relationship of (b) to (a} has been i"ound experimentally to be 
b = 1.18 a, which leads to the following result: 
<J_(~~v~ ~ N f'[ I+ 1.Po [ Jf. 9Z~ t. !.:te"'4..~,._ - 9· 73of f(/.lilea.)]]. 
(14) 
However, the coefficient, 9.7308, proves to be too large, so that 
we follo\<T here the treatment o:f Gingrich and Warren27 and arbitrarily 
readjust the coe:ff~cients to give the :following equation, which will 
be used in our calculations: 
Applying equation 5 to the same function and applying the same 
arbitrary adjustment of coefficients we obtain: 
27. Gingrich and Warren, Phys. Rev. 46, 248, (1934). 
It will again be necessar,y to use the value for Nr2 as deter.mined 
previously, using an arbitrary value of (a') to fit the intensity 
curves to comparable e~rimental results. In both cases (for the 
two different cell distribution functions) the intensity will be 
plotted versus ka. 
As stated previously, another purpose of the present investi-
gation is to inquire into the possibilities of finding a means of 
simplifying the integrations in the original derivation28 of the 
intensity function over the cellular configuration subspace by an 
15 
which envisions each atom trapped in a spherical cell of volmne A 1 
but free to move about in this volume in any fashion. It is this 
freedom of motion which introduces a large part of the difficulty 
into the integration, and the situation would be considerably sim-
plified if we could el~ate it. 
28. L. H. LWld, .QE. cit. P. 2. 
16 
To do this, let us picture each atom except atom number one 
as being frozen at the origin of its "free-volume" or configuration 
sub-space cell, and tr.y to find the interaction effects such 
"frozen11 atoms will have upon the first atorn as it moves freely 
about in its cell. In doing so, we will obtain a spherically 
synunetric function, f1 (f.) which represents the interaction effects 
of each atom averaged over the cell of the first atom, thus replacing 
the integration over d~ and yet still adequately approximating the 




it is clear that, 
Now an expression for the interaction effect due to the~th atom is 
avereged over the cell of the first atom will be: 
- ~r" [,.., ('f(r;)-= 'f/TY,1o o f1 ('X) r. 'J. s; .. e rle tl. f 
(17) 
where 11 (x) = Sin kx / kx. 
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Integrating; 
Si., ~ t:~ . s, rl.A r, 
'* ~, .e -:J'e r, 
Thus, in lieu of our original expression, 
A1 4L _ U(r,) U(r.t) J f .:Sin -A ( RJ.L u; -tt) e -::£-r e- :liT cl v; J.. V:R_ 
~ ( R.,..£. ~ ~ - ~ ) 
\ofe no\'t have: 
it,..,." "'ll r, -z. r(r,) 
(,({V..t) 
since r .1. -=- o , e - .::JET = I 
and the following result is obtained if one again envisions a 
(18) 
(19) 
distribution function which is uniform over the entire cell volume, 
and allows RL( to become the continuously varying r: 
i o z . /) U{~.) JfTT r, 5,., -nr s,·V) ~r, e- =fir cfr; -o =-!e. r -1!. r, 




This result, when placed in equation 2, no\'T gives: 
\[(.! )~H't.-=- Nt' 2[ /f- rjJ( )e tf) i l('lffY-z f'(Y) 7r.ler c{,. 
(21) 
which can be treated as in the conventional derivation (lrith regard 
to the l~t of integration and insertion of the constant average 
18 
cell density) to yield: 
(22) 
Here a~ain a zero-order approximation can be made; i.e., J = 0, 
which leads as before to the conventional expression, equation number 6. 
Having obtained this si~plified expression, we now wish to co~pare 
it with the conventional expression; at the same time investigatin~ 
the effect of a large free-volume radius on the intensities. Such a 
condition could reasonablY be expected for a fluid in the critical 
region, where there are indications of an anamolously large free 
volume associated liith each molecule of the gas. The cell distri-




Substituting this function into both the conventional equation 




¢c-k)). -= N r1. fl- ~ 5. 9'1-Z(, cflleJ) ff~.ieJ)} 
AV~ (24) 
For reasons which have been previouslY discussed, Nf2 is once more 
7.. • dJ~(.1~d) 
obtained by the relation N r : (' .., 37- Hence we are now prepared 
to applY the results derived and discussed in this section. 
20 
APPLICATICN OF THEORY 
For the purpose of numerical evaluation it is necessar.y to 
assign arbitrary, but reasonable values to {a) and (S). The va1ues 
0 0 
that are selected are; (o..) = 3 A and (c5) = 1 A (a ratio for o/a of 
1/3). Values for -f/ft, o:f 0.1, 0.2, 0.3, 0.4, and 0.5 are also used 
to carry out the calculations. The use of higher values for this 
density ratio leads to unreasonable results (in the form of negative 
intensities) and hence are not considered. 
The first calculation to be made is (1:(--k))Atre 7 N f~ using the 
above assumptions and the distribution :function shown in figure one. 
As discussed previously, this calculation will indicate the accuracy 
to be obtained by assuming the N£2 constant. The results are shown 
in Table one and Graphs 1 and 2 indicate graphically the variation 
of /::r(Je)\ -:-~ fz. versus ka, the fonner graph representing the results 'J ~~e. 
6£ the conventional equation {8), while the latter indicates the 
results for equation 9. The shape of the curves is not correct, as 
previouslY predicted, for it indicates intensities greater than the 
zero-angle intensities. Hence we next applY the function derived 
in the theor,y section to represent the Nf2 term, it being recognized 
that in so doing the constant multiplicity factor involved will be 
neglected. 
It is found that selecting a• • a/3 will yield curves of the 
desired form. Doing this we obtain the results which are reported .. 
in Table 2. As before these calculations are indicated graphically 
in Graph 3 (equation 8), Graph 4 (equation 9), and Graph 5 (a com-
parison of the results for both equations for ~ = 0.4, and 0.5, 
the curves which exhibit the greatest deviation). It might be noted 
2l. 
Table 1 
(I<-h>).wc. + N f 2 
~-o.l ~- 0.2 ~ a 0.3 
ka Eq. S Eq.9 Eq~ 8 Eq. 9 Eq. 8 Eq. 9 
0 0.9000 0.9000 o.sooo o.sooo 0.7000 0.7000 
1 0.8791 0.8793 0.7582 0.7585 0.6372 0.6.378 
2 0.8370 0,8381 0.6740 0.6762 o.;109 0.5144 
.3 0.8185 0.8211 0.6369 0.6422 0.4554 0.4632 
4 o.8;;3 O.SS75 0.7106 0.7150 o.;6;8 0.5726 
5 0.9394 0.9360 0.8788 0.8719 0.8182 0.8078 
6 1.0268 1.0144 1.0536 1.0287 1.0003 1.0431 
7 1.0701 1.0513 1.1403 1.1026 1.2104 1.1539 
8 1.0534 1.0390 1.1069 1.0780 1.1603 1.1169 
9 1.0016 1.0026 1.00.32 1.0052 1.0047 1.0078 
10 0.9593 0.9742 0.9186 0.9484 0.8779 0.9226 
ll 0.9;66 0.9739 0.913.3 0.9478 0.8700 0.9217 
12 0.9890 0.9869 0.9779 0.9738 0.9669 0.9607 
13 1.0251 1.0009 1.0502 1.0017 1.0752 1.0026 
22 
Table 1 - continued 
~ 
(I(Jc.)l -:- N F' ~ie ~ 
a 0.4 ~ = 0.5 
ka Eq. 8 Eq. 9 Eq. 8 Eq. 9 
0 0.6000 0.6000 0.5000 0.5000 
1 0.5163 0.5171 0.3954 0.3964 
2 0.3479 0.3525 0.1849 0.1906 
3 0.2738 0.2843 0.0983 0.1054 
4 0.4211 0.4301 0.2764 0.2876 
5 0.7576 0.7438 0.6970 0.6798 
6 1.1070 1.0574 1 1338 1.0718 
7 1.2806 1.2052 1.3507 1.2564 
8 1.2137 1.1559 1.2672 1.1949 
9 1.0063 1.0104 1.0079 1.0130 
10 0.8372 0.8968 0.7965 0.8710 
11 0.8266 0.8956 0.7832 0.8694 
12 0.9558 0.9476 0.9448 0.9346 
13 1.1003 1.0034 1.1254 1.0043 
23 
Figure 6 - Graph Ho. 1 
(I(k'\/Nf 2 vs ka for Eq. 8, d1~tr1.bution 










Fl~uro 7 - uraph No. 2 
(I(k~~f2 vs kQ for ~· 9, distribution 






f'M - 0.1 ~ • 0.2 ~ • 0.3 
ka Eq. 8 Eq. 9 Eq. 8 Eq. 9 Eq. 8 Eq. 9 
0 0.9000 0.9000 0.0000 o.sooo 0.7000 0.7000 
1 0.8598 0.8600 0.7416 0.7419 0.6232 0.6238 
2 0.7651 0.7661 0.6161 0.6181 0.4670 0.4702 
3 0.6683 0.6704 0.5200 0.5244 0.3718 0.3782 
4 0.5927 0.5942 0.4924 0.4955 0.3921 0.3968 
5 0.5268 0.5249 0.4928 0.4890 0.4588 0.4530 
6 0.4379 0.4326 0.4494 0.4387 0.4607 0.4449 
7 0.3253 0 • .3196 0 • .3466 0 • .3.352 0 • .3680 0.3514 
8 0.210 9 0.2080 0.2216 0.2158 0.2323 0.2236 
9 0.1196 0.1196 0.1198 0.1200 0.1200 0.1203 
10 0.0598 0.0607 0.0572 0.0591 0.0547 0.0575 
11 0.0253 0.0258 0.0242 0.0251 0.0230 0.0244 
12 0.0075 0.007~ 0.0074 0.0074 0.0073 0.0073 
13 0.0006 o.ooo6 o.ooo6 0.0006 0.0006 o.ooo6 
.-1 
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Table 2 - continued 
(I(-l)At~e 
'*" -o.4 -1'/fo -o.5 
ka Eq. 8 Eq. 9 Eq. 8 Eq. 9 
0 0.6000 0.6000 0.5000 0.5000 
1 0.5050 0.5058 0.3867 0.3877 
2 0.3180 0.3222 0.1690 0.1742 
3 0.2236 0.2321 0.0803 0.0860 
4 0.2918 0.2980 0.1915 0.1993 
5 0.4249 0.4171 0.3909 0.3812 
6 0.4721 0.4510 0.4836 0.4571 
7 0.3893 0.3664 0.4106 0.3819 
8 0.2430 0.2314 0.2537 0.2392 
9 0.1202 0.1206 0.1203 0.1210 
10 0.0522 0.0559 0.0496 0.0543 
ll 0.0219 0.0237 0.0208 0.0230 
12 0.0073 0.0072 0.0072 0.0071 






1-'1 r U'(l H - Gl'4lt>( HO • 3 
(r ( k ),..,._vn k- for ..:.q. <1, rJI: trl tl:Jt ton 









Fit ure 9 - Grr ph No.4 
<I ( k~~ vs ka for .li:q. 9, di. s t r lbutlon 
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here that greater deviations could be anticipated for higher values 
of ~ , but as previously mentioned, the resulting intensities have 
no physical significance and hence we have no interest in them. 
Using the same assumptions previouslY indicated, intensities 
are calculated for the second distribution function {figure 3), and 
arrain the relation a' = a/3 is foWld satisfactory for evaluating the 
Nf2 factor, when applied to the data resultinP" from the use of ~</o 
= 0.1, 0.2, 0.3, 0.4, 0.5. The intensities thus calculated are 
shol-m in Table 3, and Graphs 6, 7, and 8 are respectivelY the 
intensity versus ka for the conventional equation (15), for equation 
16, and a comparison of curves from each equation for ~ = 0.4, and 
0.5, which are again the curves which indicate the maximum deviation. 
As before the constant multiplicity factor of the equations has been 
neglected. 
The last investigation to be carried out will compare the results 
of the conventional equation and the equation which has resulted 
from the simplified derivation indicated in the theor.y. Furthermore 
we wish to investigate the effect of an anamo1ouslY large free-volume 
radius on the .nagnitude of the intensity, and for that purpose the 
distribution function of figure 5 is employed in our calculations. 
0 0 
In this case~ is assumed equal to 10 A, hence a = 2S = 20 A {or a 
ratio of &;a of 1/2). It will be found that these assmnptions lead 
to an intensity which falls rapidlY to zero with increasing scattering 
angle (i.e., with increasing ka), so that we wil1 be confined to very 
small values of ka in obtaining meaningfu1 results. Again, the Nf2 
factor is approximated as described earlier, and a 1 remains equal to 
a/3 in this case, or, 2Sj3. It is also found that physically signifi-





If~ = o.~ ~ ~ o.3 
ka Eq. 15 lq. 16 Eq. 1S Eq. 16 Eq. 15 lq. 16 
0 0.9000 0.9000 o.sooo o.aooo 0.70CIJ 0.70CIJ 
1 o.ssos 0.8796 0.7828 0.7812 0.6851 0.6827 
2 0.8242 0.8219 0.7.341 0.7296 0.6441 0.6374 
3 0.7405 0.7379 0.6644 0.6592 0.5884 0.5806 
4 0.6397 0.6379 0.5865 0.5828 0.5332 0.5277 
5 0.5357 0.5341 0.5107 0.5076 0.4856 0.4809 
6 0.4258 0.4232 0.4250 0.4200 0.4243 o.U67 
7 0.3142 0.3108 0.3244 0.3176 0.3347 0.3243 
8 0.2085 0.2056 0.2169 0.2lll 0.2253 0.2165 
9 0.1216 0.1207 0.1237 0.1221 0.1259 0.1234 
10 0.0612 0.0616 0.0602 0.0609 0.0591 0.0602 
11 0.0255 0.0258 0.0246 0.0252 0.0236 0.0246 
12 0.0074 0.0074 0.0072 0.0073 0.0070 0.0072 
13 o.ooo6 o.ooo6 o.ooo6 o.ooo6 o.ooo6 0.0006 
32 
Table 3 - continued 
(:t ( ..lr.) )A~e 
& a0.4 ~ a0.5 
ka Eq. 15 Eq. 16 Eq. 15 Eq. 16 
0 0.6000 0.6000 0.5CXX> 0.5000 
1 0.5874 0.5842 0.4898 0.4857 
2 0.5541 0.5452 0.4642 0.4528 
3 0.5124 0.5020 0.4363 0.4234 
4 0.4799 0.4726 0.4266 0.4176 
5 0.4605 0.4544 0.4355 0.4277 
6 0.4236 0.4134 0.4229 0.4101 
7 0.3449 0.3311 0.3551 0.3379 
8 0.2336 0.2219 0.2420 0.2274 
9 0.1280 0.1247 0.1302 0.1260 
10 0.0580 0.0595 0.0570 0.0588 
11 0.0226 0.0240 0.0217 0.0234 
12 0.0068 0.0071 o.oo66 0.0069 
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Figure 1,, - Gr·aph "lo. 7 
(t(k)~ vo ka for .::.q. 16, 1! rtrlt>-.1t1on 





Figure "1:3 - ·Graph No. 8 
Comparison . o.f (I.(ka.vs ka for both 
equati-ons for distribution !'unction O.t 
F1~.ure 3. 






values which is in keeping with our model of a fluid in the critical 
region. Thus only values of ~ = 0.15, OolO, and .0.01 are employed 
in the calculations. 
The resultant intensities are to be found in Table 4. Graphical 
results are as follows: Graph 9, intensity versus ka for the con-
ventional equation (23}; graph 10, the intensity versus ka for 
equation 24; and Graph 11, a comparison of the intensity curves from 
each equation for~= 0.10, 0.15, the higher density ratios which, 
as before, exhibit the maximum ·deviation. To aid interpretation of 
the curves, in Graphs 9 and 10 are shown plots of Nf2, the incoherent 
scattering case, where the N atoms act independently and without 
interference effects. This is the curve which would result from the 





ffo • .15 ~ • .10 -!flo • .01 ka 
Eq. 23 Bq.24 Eq. 2.3 Bq.24 Bq. 2.3 Eq.24 
1.0000 0 O.lll5 o.lll5 0.4077 0.4077 0.9400 0.9408 
0.9996 0.0521 0.1120 0.1124 0.4079 0.4081 0.9404 0.9404 
0.9991 0.1042 0.1126 0.1132 0.4081 0.4085 0.9400 0.9394 
0.9983 0.2083 0.1143 0.1155 0.4090 0.4098 0.9394 0.9388 
0.9966 0.4166 0.1263 0.1290 0.4163 0.4183 0.9386 0.9303 
0.9836 0.8333 0.1692 0.1830 0.4406 0,4499 0.9293 0.9010 
0.9399 1.6667 0.3146 0.3571 0.5230 0.5513 0.8982 o.8690 
0.8687 2.6000 0.5072 0.5648 0.6277 0.6661 0.8484 0.8446 
0.7776 3.3333 0.6052 0.6484 0.6627 0.6915 0.7661 0.7690 
0.3448 6.6667 0.3616 0.3490 0.3560 0.3476 0.3459 0.3448 
0.00002 13.3333 0.00002 0.00002 0.00002 0.00002 0.00002 0.00002 
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Flg:ut·a 14 - Graph No. 9 










Figure 15 - Graph No. 10 
(I(k~va ka fo1· a;q. 24• for 







o.o.~--~--~--~--~~~~--L---~--~==~AQ~-~2=~~---4 5 6 1 8 
39 
o,o. 
Fit~re 16 - Graph No. 11 
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The intensities calculated for the first two assumed distribution 
functions are sensiblY the same for both the conventional equation and 
that derived by Lund. Comparison of the data in Tables 2 and 3 for 
values of the density ratio (actual density to maximum density) of 
0.4 and 0.5 mdicates a maximwn deviation of less than 4%. Since 
these ratios lie at the upper limit of applicability of the intensity 
equations, it is felt that one m~ reasonably expect to obtain approx-
~ate~ identical results for density ratios of 0.3 or below. This 
is in agreement with the predictions of Lund, who carried out a less 
involved calculation for a highly idealized distribution function. 
In view of the small deviations obtained, it would seem that the 
conventional equation is more suitable for calculations of this t~rpe, 
for the expression obtained from the integration of the other intensity 
function contains a slowly converginf infinite series term, which does 
not lend itself to simple calculations. 
On the other hand, the expression derived in this investigation 
would seem to offer no more difficulty in calculations than the 
conventional expression. Further.more, the a~pearance of the free-
volume radius as a parameter of the intensity function suggests the 
possibility of reversing the process used in this investigation, 
with the intention of obtaining values of the free-volume radius. This 
could be done by taking the Fourier transfonn of the intensity function 
and carrying out the appropriate numerical evaluation, in which 
experimental intensity data would be used. 
FinallY, reference to Table 4 and Graph No. 11 shows that there 
is a maximum deviation of 12-13% between the intensity results of 
equation 2.3 and equation 24, which may be evaluated in different ways. 
0 
First, it is possible that the choice of 8 • 10 A may have been in 
error, since it can be shown that a smaller value for (cS) would lead 
to better agreement for the results of the two equations. Also, it 
must be kept in mind that while the distribution function assumed for 
the critical region behavior of a fluid is at least reasonable, there 
are quite possibly some refinements which could be made that would lead 
to more desirable results. (For example, the use of a. curve similar to 




A theoretica1 expression for the x-ray scattering from a 
free-volume liquid ie compared in some detail with the conventional 
expression by calcu1ating with both f"onnu1as the x-ray intensity 
scattered from liquids characterized by certain assumed cell distri-
bution functions. A means o! simplifying the integrations in the 
original derivation of the intensity fUnction over the cellular 
configuration sub-space by an appropriate averaging is also show. 
Using the intensity function which is the result of the simplified 
derivation with another assumed distribution function, the effect of 
a changed free-volume radius to atomic diameter ratio is investigated, 
and compared with the resul.ts for the conventiona1 expression. 
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